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THE INWARD BULGE TYPE BUCKLING OF MONOCOQUE CYLINDERS
V - REVISED STRAIN ENERGY THEORY WHICH ASSUMES
A MORE GENERAL DEFLECTED SHAPE AT BUCKLING

By N. J. Hoff, Bertram Klein,
and Bruno A. Boley

SUMMARY

. A strain energy theory 1s developed for the calculation of the crit-

ical load for the inward bulge type of general ingtability of reinforced
monocodque cylinders subJjected to pure bending. The deflected shape at
buckling is assumed to be represented by an expression cantaining eight
free parameters in addition to the two characterizing the. wave lengths in
the circumferential and axial directions. The theory is applied to two
representative cylinders of the GALCIT test serles and to two of the
PIBAL series. The criticel stresses calculated are 8.3 'bo 22.9 percent
higher than the experimental valuss.

INTRODUCTLON

Vhen & reinforced aluminum-alloy monocoque fuselage is subjected to
bending momsnts, such as those caused by the aerodynamic loads acting
upon the tall surfaces, structural failure is likely to occur by the
buckling of the stringers on the compression side of the fuselage. The
half wave length of the deflected shape 1s equal to the spacing of the
ring frames when the frames are comparatively rigid and are spaced far
apart. The criticel stress can be increased by spacing the rings closer,
but at the same time the cross-sectlional dlmensions of the rings must be
made smaller in order to keep the welght of the structure unchanged.
Such a trend can be noticed in the development of the modern monocoque
fuselage from 1930 until the present time. When, however, the distance
between rings and the cross section of the ring decreases beyond a certaln
limit, the rings no longer have sufficlent bending rigldity to act as
rigld supports for the stringers. In such a case failure occurs by general
instebility in which several stringers and rings are involved simlteneaisly.

The general instability of a reinforced thin-walled curved shell was
first investigated by Dschou in 1935 (reference 1) who, at the ggestim
of H. Wagner, worked out and applied to monocoques the buckling 1eory of
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orthotropic shells esteblished in 1932 by Flligge (refersnce 2). A
similar theory was worked out independently by Teylor (reference 3)

in 1935. In these investigations a uniformly distributed compressive
loading was assumed. It was believed that the results would also apply
in the case of bending provided that the wave length in the clrcumfer-
entlial dlrectlon were small enough so that the variation in the Intensity
of the compressive stress caused by the bending moment could be disre-
garded. At the same time the wave length must be greater than the spacing
of the reinforcing elements. Otherwise the structure cannot be considered
as an orthotropic shell. The results of these theorles were compared
later with experiments carried out at GAICIT in 1939 (references 4 to 8).
It was found that the buckling loads predicted were several times as high
as those observed.

Another form of gneral instability, caused by bending, was Investi-
gated by Heck in 1937 (reference 9) whose work is & generalization and
application to reinforced monocoques of an earlier theoretical analysis
of Brazier in 1927 (reference 10). This type of instability consists of
a flattening of the rings and is of no practical importance’in alumlinum-
alloy reinforced monocoque fuselages. '

The problem of general instability due to bending was approached from
another angle by Hoff in 1938 (reference 11). The most highly compressed
stringers were considered as columms elastically supported by the rings,
end the buckling load was calculated by the strain energy method. The
deflected shape was assumed to be mainly an inward bulge symmetric with
respect to the most highly compressed stringer. The stringers were
assumed to be distributed uniformly around the clrcumference but the rings
were treated individuslly. The buckling load was minimized with respect
to two parameters which were the lengths of the wave in the axial and the
clrcumferential directions. Tests carried out with two cylinders showed
that the inward bulge type of general instability was possible and that
1t occurred approximstely at the stress predicted by theory. A non-
dimensional structursl parametexr A was found, the magnitude of which
determined whether fallure would occur by general or panel instability.

The extended experimental investigations underteken at GALCIT begin~
ning in 1938 proved Hoff's theory to be too conservative for practical use.
In GALCIT's theoretical development Von Kermin and Tsien (reference 12)
found that the classical linear theory had to be replaced by & nonlinear
theory in order to predict correctly the buckling loads of ‘nonreinforced
cylinders. Because of the complexlty of the nonlinear theory even in the
cagse of nonreinforced cylinders the idea ‘of finding a theoretical solution
of the buckling problem of reinforced cylinders was given up at GALCIT.

An empirical formla based on dimensional analysis was esteblished which
was In good agreement wlth the results of the GALCIT tests.

In 1943 Hoff .(reference 13) published & new version of his theory. A
review of his earlier work disclosed that there the circumferential wave
length, not expressed explicitly, was always equal to the total circum-
ference of the cylinder after the buckling load was minimized. On the
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other hand, in the tests the inward bulge was restricted to the most
highly compressed regions of the cylinder. In the new publication the
dlscrepancy between experiment and theory was attributed to the fact that
in the original work the shear strain energy stored in the sheet covering
was neglected. On the other hand, the strain energy of shear was found to
be unduly large when it was assumed that the expressions describing the
distortions of the stringers end rings were valid also for the sheet.
Apparently there are patterns of distortion for the sheet which involve
less strain energy, particularly when the sheet is already in a buckled
state at the moment when gemeral instability occurs.

The difficultlies involved in finding the actual distortions of the
sheet covering were circumvented through a semiempirical approach. The
wave-length parameter n was assumed so as to obtain an agreement betwesn
the buckling load observed in the GALCIT tests amnd the predictions of
the theory. In reality the wave length mmst depend upon the variation of
the shearing rigldity of the panels of sheet arocund the circumference of
the cylinder, and the shearing rigldity 1s certainly influenced by the
compressive and shearing stresses prevailing in the panels. It was con-
cluded, therefore, that n was dependent upon two paramesters charac-
texizing the state of the sheet, namely r/d amd Gmr/'b. The connection

between these two parameters end n was esteblished from an evaluation of
the GAICIT test results, and the correctness of the dsbumptions was sub-
stantiated by the fact that e family of smooth curves was obtained. With
the aid of these curves the buckling load could be predicted in a simple
menner. )

The purely theoretical analysis was resumsd in 1945 by Hoff and Klein
(reference 14) at PIBAL. It was found that the shear strain energy storsd
in the sheet covering was not unreasonsbly lerge when it was calculated
the baslis of an average shear angle defined by the relative displacements
of the four corners of each panel. Such a treatment disregards details of
the states of stress and strain in the panel and should be based on experi-
mental values of the shearing rigidity of panels subjected to arbitrary
compressive loads. In the abaence ot experimental date a commection betwesn
shearing rigidity end compressive load was assumed which was hoped to
represent fairly the actual conditions. Other improvements upon the
original treatment of the subJect were the replacement of the expression
defining the shape of the Wave in the' circumferential direction by a new
expression which satisfied more rigorous boundary conditions and the
replacement of the integration around the circumference by a summation.
The new results were in good agreemsnt with the GAICIT test data.

An experimental investigation of the shearing rigidity of reinforced
monocoque cylinders carried out at PIBAL by Hoff and Boley (reference 15)
in 1946, however, resulted in the measurement of .considersbly higher
shearing rigidities than expected in the case of curved panels subJected to
compressive loads exceeding the critical loads. The use of such high velues
of the shearing 1'igidity in the revised theory Jjust discussed would héve
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resulted in buckling loads considerably larger than those cbserved. At
this stage of the development the amthors begen to entertain some doubts
whether the problem could be solved by a linear theory. .

Their conviction that a l:Lnea.r theory would predict correc“bly 'bhe
buckling load in general -instability had been based on the following
observations. The inward bulge proper was always restricted to a reglon
of the cylinder where the sheet covering was in a buckled state when
general instebility occurred. Because of the increased movability of the
wavy curved sheet the reinforced monocoque cylinder was reduced essen-
tially to a grid consisting of stringers and rings connected somewhat
loosely by the buckled sheet. The question arises now whether the suppart
rendered by the rings to the stringers has a linear characteristic. In
experiments carried out at PIBAL with-reinforced monocogque cylinders-a.
linear connection was found betweem a loaed applied radielly to a ring ani
the deflection of the point of attack. Inder such a load the entire ring
distorted, whereas in tests umdertaken at GALCIT in order to clarify some
aspects of the nonlinesr theory the nonlinear support was furnished by a
semicirculer elemsnt, the ends of which were -rigidly fixed. In the .
general instabllity 'bests both at GAICIT and PIBAL the rings were observed
to distort-slightly around the entire circumference so that the end poluts
of the main bulge were definitely not fixed. Because of these .consider-
ations one more attempt was made at PIBAL to explain the phenomenon of the
inwvard bulge type of general instability by & linear theory. The resulis
of this investigation are presented in the present report.

The strain energy method is known to yield too high buckling loads
if the assumptions regarding the deflected shape deviate from the actual
shape of deflections. An effort was made therefore to meke the new
agsumptions more elastic than were the earlier ones by the use of a grea:ber
number of paremeters that can adjust themselves in the process of minimi-
. zation. Altogether nine free parameters were incorporated in the expressim
describing the deflected shape, cne of which is indeterminate as in all
buckling problems. To the remsining eight paremeters may be added the two
parameters defining the wave length in- the circumferential and axial
directions.

The strain energy and the work of the external forces were calculated
by summation as in the earlier publication (reference 1%), and in the"
determination of the shear strain energy stored in the sheet covering the
experimentally obtained values of “the shearing rigidity were used. The
large number of parameters did not permit the development of an expres-
sion In closed form for the buckling load but four representative cylindsis
were investigated numerically and the calculations resulted in buckling
stresses in‘satisfactory agreement with the test results. The authors
believe that the agreement obtained between theory and experiment
substantiates the claims for an essentially linear character of the prob-
lem in the form it was set up in these calculations. Details of the
behavior of the buckled panels, however, cennot be explained in allk
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probabllity by a linear theory. It is quite likely that better agreement
between theory and experiment can be obtained if an even more complicated,
or else a better, shape 1s assumed for the deflections.

The celculations presented hers are too lengbhy for use in structural
design. The writers belleve that the simple formmlas developed in
reference 13 are those most sultable for practical calculations. The
value of the parameter n should be teken from a diagram published by
Hoff, Boley, and Nardo (reference 16), which is a revised version of the
dlagram presented In reference 13. The differences between the two dla-
grams are the Incorporation of new test data obtailned in a series of tests
at PIBAL and the correction of the earlier test results for the effects
of stresses exceeding the elastic limit. The Importance of the theory
presented in this report is twofold. First, it can be used In the calcu-
lation of n velues in that region of the parameters r/d and ep, 7/t

which 1s not easily accessible to experimental methods. In such a manner
& more comprehensive n dlagram can be canstructed than the one available
at present without recourse to a very extensive test program involving
cylinders of the size of the fuselages of modern transport airplanes.
Second, it establishes the fundamental soundness of the linear approach

upon which the method suggested for practical calculations and the n dlagram
are based.

For the sake of completeness other publications dealing with genersl
ingtebility are now listed. In 1937 Nissen (reference 17) compared test
results obtained with reinforced cylindrical panels and complete cylinders
subjected to compression with.Dschou's theory. Satisfactory agreement wes
found after en empirical factor was incorporated. Ryder (reference 18)
attempted in 1938 to improve Taylor's theory by the use of empirical factas.
In 1942 Tsun Kuei Wang (reference 19) developed a theory of the flattening,
of monocogue cylinders subJjected to compression, but the epplicability of
his results is impaired by the fact that he neglected the shear strain
energy stored in the sheet covering. At PIBAL additional theoretical
Investigations related to the Inward bulge type instability were carried
out by Hoff end Klein (reference 20) in 1944 and & series of cylinders was
tested by Hoff, Fuchs, and Cirillo (reference 21) in the same year. A
new general instability theory was worked out by Wang (reference 22)
in 1946 in which the wave form was described by infinite series. The shear
gtrain energy stored in the sheet was not calculated but its effect was

taken into account by means of an empirical multiplying factor depending
upon the size of the panels.

For his contribution to the calculations presented in the present
report the euthors are indebted to Merven W. Mandel. Tails investigation
wag conducted at the Polytechnic Institute of Brooklyn under the sponsor-

ship and with the financial assistance of the National Advisory Committes
for Asronasutics.
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SYMBOIS

indeterminate coefficient

-8,b,c,d,0,f,g,h parametric coefficients

Istrro

Istrr

Str.bo

Istrt

cross-gectional area of stringer plus effectlive width of
sheet

)
area of stringer

width of panel msasured along clrcumference

Young's modulus

reduced modulus

secant modulus

tangent modulus

shear modulus

shear modulus of sheet covering at zero compressive load
effective shear modulus )

centroldal height of stringer

index denoting positlen along clrcumference

moment of inertia

moment of inertie of ring cross sectlon and its effectlve
width of sheet for bending In 1ts own plane

moment of lnertie of stringer cross sectlon for bending in
radial direction (about its teangential principal axis)

moment of Inertia of stringer cross section and effective
wildth of curved sheet for bending in radial direction
(about its tengential principal axis)

moment of Inertia of stringer cross section for bending in
tangential direction (about its radial principal axis)

moment of inertia of stringer cross section and effective

wldth of curved sheet for 'bendin§ in tangential dlirectim

(sbout its radial principal axis
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Uny Cpy G

index denoting position along axial direction

length of wave in axial direction

distance between adJacent rings ,

number of ring flelds involved in failure

function appearing in strain energy of bending of rings
paremster defining wave lsngth in circumferential direction
polynaomial functions of a,b,c,d,e,f,g, and h

force acting on stringer and 1ts effective curved sheet at
buckling

function appeering in shear strain energy

radius of cylinder

number of stringer fields involved in bulge

total number of stringers in cylinder

thickness of sheet covering

strain energy

bending strain energy stored in rings

shear strein energy stored in sheet

radial bending strain energy stored in stringers
tangentlal bending strain energy stored.lin stringers
effective width of curved sheet

rotation of tangent of ring

redial displacement of a point on a ring or a stringer
tangential displacement of a point on a ring or a stringer
w;rk done by applied forces at buckling

axial coordinate

coefficients used in calculation of shear strain in a
Panel due to rotations and displacements of its corners
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B angle subtendsd by a panel

V4 shear strain

o] shift of neutral axis from horizonta.l diameter at buckling,
percent of radius '

€ normal straln in a stringer plus its effective curved sheet
at buckling

€op meximm compressive straln at buckling

ecrsh compresslive ’buckliné gtrain of sheet panel

€ou 'bucki:lng' strain of a nonreiﬁforced. circular cylinder under
ugiform axial compression

ért buckling strain of a flat pansl of sheet in compression

A structural buckling index

(0] engular coordinate

- function of @ appearing in expression for w,

oy function of @ appearing in expressidn for Wy

DEVELOPMENT OF A REVISED BUCKLING THECRY WHICH INCLUDES
EIGHT ARBITRARY PARAMETERS
Revised Deflection Pattern

The shape of +the bulge at buckling is determined mainly by the

radial deflections. The following expression ls chosen to represent the

radlal deflections W, occurring at buckling:

Vp = a.olzbr(l,a.,'b) sin®(nx/L) + ¢ _(c,d,e) sin6(1rx/L)

"+ 0..(£,8,h) iainlo(mx/l.)] - (1)
provided that

0 <9 < (v/n)
(1a)
0<xgL
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where

o ,.(c,d,e)

[ccoan>+dcosa:q>+ecos3ntp
+ (2.666...c - 2.3334.ed + 1.T77...0) cos Lng
+ (1.6660.0c - 1.333¢0ed + 0.TTTsse0) cOB 5mqﬂ (1)

The value of ¢r(l,a.,'b')_ is obtained by replacingc, d, and ein eguation (1b)
byl, &, and b, respectively; ¢..(f,g,h) is obtained by replacing ¢, d, and e
by £, 8, and h, respectively.

Also w, =0 when ¢ > =x/n and/for x> L (1e)
The notation and the sign conventions are shown in figure 1.

The deformetions of the rings are assumed to be inextensional. The
condition for inextensionality is:

wr = - Bw.l./atp (2)
Equations (1) and (2) determine the tangential deflections wy:

wy = - (ay/n) [Qb(l,a.,'b)'sina(m/L)_ + @, (c,d,e) sin6(:tx/L)

+ 0 (£,8,h) sinlo(nx/L)] (3)
provided that e R
L LOALRIY et

Sratelize od (v

0< ¢ < (x/n)
EIES HT SN B T A (38-)
- 0SS xZ1

et AT me i dadey o= U=

———— e e et tE m m e —rt—— - -— - - - [P
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where

®.(c,d,0) = [c sin n® + (1/2) 4 sin 209 + (1/3) e sin 3np

(l/ll-)(2.666...c - 2.3330-.&. + 107770003) gin h'nq’

+

(1/5)(1.6664.0¢ - 1.333¢4:4 + 0eTTTe0e0) 8in 5mp]

+

The value of ®4(1,a,b) 1s obtained by replacingc, d, and ein eguation (3b)
by 1, a, and b, respectively; ¥(f,g,h) is obtained by replacing c, d, and e
byf, 8, @&nd h, respectively.

Mlso wy =0 when @ > %t/n andfor x>L (3c)

A few explenatory remerks are now given regarding the choice of the
deflected shape. In order that the bulge be symmetric about the bottom
stringer @ = 0 the following conditions must be satisfied there: -

l. The tengential displacements must vanish:
Wy =0 when @ =0, for all values of x (4a)

and

2. The radial deflection pattern must exhibit a horizontal tangent:
(Owf39) =0 when =0, forall values of x  (4b)

Further, in order that there be a smooth transition between the bulge and
the nondistorted part of the cylinder at @ = (:t/n) , the following conditions
mst be satisfied there:

3. The tangential displacements must venish:

w, =0 when @ = (t/n), for all values of X (4ec)



NACA TN No. 1505 1

k. The radial displacemsnts must vanish:
W, =0 vwhen ¢ = (n/n), for all values of x (4d)
5« There must be no sudden change in the direction of the tangent:
(bwr/acb =0 wher-l ® = (x/n), for all values of x (ko)

and

6. There must be no sudden change iIn the curvature:
(Bzwr/atpa) =0 when @ = (n/n), for all values of x (4f)

Finally, in order that there be a smooth transition between the bulge
and the nondistorted part of the cylinder at x = 0 and x = L, the fol-
lowing conditlons must be satisfied there:

T The tangentlal dilsplacemsents must vanish:

Wy =0 when x =0 (or L), for all values of @  (4g)

8. The radial displacements must venish:

0 when x =0 (or L), for all values of @  (4y)

and

9. There must be no sudden change in the direction of the tangent:
(awr/69 =0 when x=0 (or L), for all values of @  (41)

It can be shown that equations (1) and (3) satisfy all the boundary
conditions enumerated In equations (4a) to (41). (The arbitrary functim
of x which would normally appear in equation (3) as a result of the inte-
gration of equation (2) 1s zero as a consequence of condition (ka).)
Typical examples of the deflection patterns of a stringer and a ring, teken
from the results of the calculations, are shown in figures 2(a) and 2(b).




12 NACA TN No. 1505

Calculation of Strain Fnergy

Strain energy stored in rings.- The strain energy stored. in any one
ring is

t/n ‘
[y + (2n/o0d) | 20 (5)

If the value of W, is substituted from eguation (1) end the strain enérgv
is summed over all the rings, the following expression 1s obtained:

/n m
U, = (1/2) <a§/13) [ {[@r(l,a.,'b) +¢i,‘1(l,a,'b)] Z (1), gin® xd/I)
-7/n _

J=1

U= (1/2) [(EI)r/rg_] f

-/

+\E’r(c,<1;9) + oi'l(c:d-:e)] i (E.[)r Sin6ﬁtxv1/l)
S =y

+ [ou(r,am) + o2 0m)] i (e1),, s1x’® @xJ/I)} o (6)
J=1

where m 1is the total number of rings included in the wave length L.

The integration yields a result in closed form. The sumations contained
in equation (6) can be evaluated algebraically as fumotions of (m + 1).
They are given in table I. If all the rings have the same bending

rigidity (EI),., the total strain emergy U, stored in all the rings becames

T = (1/2) a.§/z3) (EI)rﬁ[M(l,a;'b) Z smh'éi:;i__l.) + M(c,d,e) Z Binlagtib
3 J |

+ M(f,g,h) Z sinao@——mj b + 2M<1 ’a"1> Z sin® (-%
+ c,d,6 m +
J J
+ oM 1’3’2) Z sinio ——-"JD oy (©+%5° a1n™® 73 (7)
28, 3 o+ £,8,h ‘m+ L



whexre

M(c,d,0) = [(ll-ne - J.)2 + (2.333...)2%(16n2 - 1)2 + (1.333...)2(25112 - 1)2] a2

COGT *ON ML VOV

2‘}2.333...)(1.777...)@6112 - 1)2 + (1.333...)(0.777...)(25:12 - 1)2] de

[(9112 -1)2 + (]_.7"(7...)2 (1611.2 - 1)2‘+ (0."(77...)2(25n2 - 1)2]92

+

=

2 E2.666...)(2.333...)(16n2 - )% 4 (1.666...)(1.333...) 5a® - I 7] ea

+2 E2.666...)(1.777...)6L6n2 N\ (1.666...)(0.777.-.) (om? - :)2: ce

+ [@2 -10)® 4 (2.666...02 (6n® - D7 4 (1.666...)2 (250® - De:] o (72)

The valus of M(l,a,b) is obtained by replacing ¢, d, and e by 1, a, and b, respectively; M(f,g,h) 15

* obtained by replacing ¢, d, a.nd. e by ¥, g, and h, respectively; M l 3'_’2) is obtained 'by replaclng d

by ad, do by (1/2)(as + bd), o2 by be, cd by (1/2)(d + ac), ce by (1/2) (e + be), and. o2 by ©;
(c : h) is obtained by replacing 42 by dg, de by (1/2)(dh + eg), o2 by eh, od by (1/2)(cg + af),
J 2

ce by (1/2){ch + of), and o2 by cf. (S:Lmilar considerations can be used to find M s85P .
28,



Strain energy stored in stringers.- The straln energy stored 1n the stringers because of bending
in the radiel direction 1s

Uyorg = Y Wy [ ()’ o e
) 0

i

where the summation 1is extended over all the stringesrs contained in-the bulge. Substitution and
integration yield

Ugtr, = (1/2) G‘F@ agz (2T) . |2® [ (1,a,b) + C’ZD (c,d,8)
(16381'_ (f.!glh) + (5)¢I‘1(l an)Qri(GJd,e)
+ G% ry (1,8,000 5, (£,8,h) + Gf?);i)ari(o a,a)wri(f,g,h;_\ ()

The strain energy stored in the stringers beceusse of bending in the tangsntial direction is

Tgtr, =Z (1/2) (BT) g, [ éawt/axg)e ax (10)
1

T

COST *ON NI VOVM



Substitution and integration yleld

Ugtry, = (1/2) 6""/&3 (a.q/n)a Zi (m)strt [Eéii(l,a.,b) + (EG% @ii(o,ﬂ.,a)

COCT *ON NI VOVH

6-052) o, (L,a,b) &, (£f,8,h) + (%) 0g, (c,d,e) L (f,g,hi[ (11)

Because both the ¢ funotions and (EI)Etr end (EI)s.br_b vary from stringer to stringer, the summations
eppearing in equaticns (9) and (11) have 6 be evaluated mumerically.

Straln energy of shear gtored in sheet.- The shear strain energy per unit volume is taken as

the average effectlve shear modwlue G, _— mltiplied by one-half the square of the average shear

strain ¥ in the panel. The latter is calculated from the displacements of the four corners of the
panel. Then the totel strain energy of shear stored in the sheet is

Uy = 0185 72 gy Tyt 62

vwhere Intd 18 the volume of a panel.

The effective shear modulus depends upon the geomstric and mechanlcal propertles of and the
aeverage normal strain in the panel, Its value was taken from the empiricel curves established
earlier at PIBAL and presented in figure 24 of reference 10.

€T
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The average angle of shear 7 was calculated from the equation

= 075 e o om0

- W - W + W + W
¥ |°‘t| ( 1,3 7 Tti41,3 " Tt t1+1,3+1)

-~

+ l"hl a (- 3,5 " "o141,3 T Vo1, 0 F Yoaaa, ;}+1)] (13)

wherce the first subscript refers to the circumferential location and the
second to the axial location of the cormer of the panel, as shown in

figure 3. The rotation W, of the tangent of the ring is given by the
relation

W, = (1/r) Bwy/O9 (1%)-

The velues of the factors a,, oy, and ap were calculated from the
equations

o, = B@.l + 0.00023852)
ay = - 0.5( - 0.01666...8°) g (15)
a = - (1/B)(0.5 + a.‘_) !




Substitutions yield

m 8.1
| U, = (1/2) ag('bd./Ig_)Go Z ai @'ﬁff/q’a {Ema 2l . e1m® 5&.1}{_-:_;)_ ;(1,2,b)
=0

6 x 6 x 1 10 % 10 xt + 1) 2
+ [B:Ln ﬁ_i - sin ‘i&"TJrI‘l:l Q (c,d,0) + E:Ln #I" sim _Il(li_ri_Qi(f,s,h) (16)

!

i where % 1s the mumber of stringer fields involved ip one-half of the symmetric bulge. The meaning
of +the symbol Qi(.o,d.,e) is

Qy (c,d,0) = “’r[' !bri(c,d.,e) + ¢r1+l(c,d.,e)]+ ([“tl/n) [@.ti(a,d.,e) + ¢t1+l(c,d,e):l

+ lun[(d./r)n E— (1/n) @ri'(c,d,e) - (1/n)¢ri+ll(c,d.,e)] . - (16a)

It 18 possible but cumbersome to sum up the trigonometric funoctions describing the deflected shape
in the axlel direction contalned in equation (16). It was found more convenient to carry out these
sumeations muerically. The same practice was followed as regards the & fumotions.

GOST *ON WL WOVE

LT



18 , ' NACA TN No. 1505

Work Done by Extermal Forces

Equal end opposite forces are assumed to be acting at the x = 0
end x = L ends of each stringer. The distance between the points of
application of these forces shortems at buckling. The product of
this shortening and the force is the work done by the force. The total
external work is the sum of the work done by the forces acting on each
stringer contained in the bulgs:

W= (1/2) Z P, /L l:(&wr/bx) . (ow,/2) 2] ax (1)

The axial strain distribution is assumed to be linear. Then Pj, the

external force mcting upon the ith stringer at buckling, may be expressed
in terms of the buckling strain ¢ . of the most highly compressed stringer

and is:

5 + cos
Py = {(EA)y (——gﬁi € r (172)

where rd is the shift of the neutral axls at buckling. Substitutions and
integration yleld:




Wa {(1/2) a,g(:te/L) € crz (B8), (§_§_:‘:".§:.$) {(1/2)\['1'12-1(1,3.,& + (1/n)? @-%i(l,a.,'b)]
1

+(é_§%) l}g"(O;d’a) + f” °§1(c’d’°)] i @50;:?) Ela"i(j‘-’:s,h) + (1/n)® c:ﬁi(f.,s,h)]
+-@ Eri(l,a,'b) *lri(c,d,a) + (l/n)ggti(l,a,b)ﬁti(o,d,eil

+ (12;%) [¢r1(1,a,ﬁ)¢ri(f,s,h) + (Vn)%ti(lba»b)%i (f’s'h)] ;

+ (54%5) [@ri(p,d.,a)pri(f,g,h) + (l/n)awti(o,d,e)ﬁti(f,g,hﬂ}

The summations encountered in equatiomn (18) wore performed numesrioally.

Caloulation of Buckling ILoad
The buckling condition 1s

Ur + Us‘brr "'Us'brt + UBh m W

| (18)

(19)

GOGT *OH NI VIVX
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where the values of the straln energy quanti-ties and of the work mmst be
taken from emations (7), (9), (11), (16), and (18). Egquation (19) was
solved for egn, vhich is a multiplying factor in the expression for W,

and. the result minimized by means of the following procedure.

Integral values of s and. (m + 1) fFirst were chosen for the
nunber of stringer and ring fields included in the bulge. On the bhasis
of tkese tentatiye values the %, M, and Q func'pions reduced to quadratic
expressions of the olght pa.rame'bers a to h. Next €. Was assumedj this

permitted the calculation of the shift of the neu‘bra.l axis, the effective
widths of sheet (taken to act with the stringers), and the moments of
inertls of the stringers and made 1t possible to read the values

of (Gepe/Gp) from the sppropriate graph. All necessary sumaticms were

then carried omt. Substitution of all the results in equation (19) made
1t possible to obtain a solution for ¢gp Iin the form: -

_P (1,a,b,c,d,e,%,8,h)
P2 (l,a.,'b,c,d.,e,f,g,h)

€cr (20)

where Py and Py are quadratic polynomlials in the eight parameters a
to h. Minimizing this expression for eg. wlth respect to each of these
eight parameters is equivalent to setting

P1 _dp1/da  3;/3b _3p1/dg dp1/on 1)
“or D2 " Sppfon " Spp/08 " " Spafog  Spa/h ‘

where the partial differential coefficlents of Py and P, are linear

functions of the eight parameters. Equation (21) represents nine comnections

between €.y &nd the eight parameters. They were solved by & trial-and-

error procedure. First a value of €.p WS aésumed., and a et of values

of the elght parameters was determined by solving elght linear equations.
Thege values were substituted into the original quadratic expression to

obtain a calculated value for €op This procedure was repeated with new

assumptlions for e'cr until the calculated. value was reasonsbly close to
the one agsumed. In order to locate the absolute minimum value of € oy’ it

is necessary to perform the calculations for a number of different cholces
of 8 and (m + 1). An example of the mumerical calculations is shown in
the appendix.
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COMPARTSON OF THEORY AND EXPERTMENT

The theory was applied to four monocoque cylinders tested earlier

at GAICIT (references 4 to 8) and PIBAL (references 16 and 21).

Dimensions of the cylinders showing rings and stringers are given in
figure 4. Typical buckling patterns obtained in the calculations are
shown in figure 2, and a tabulation of the numerical results is presented
in table II. Theoretical and experimerital strains rather than bending
moments are compared because of the following reasoning. It was found in
the calculations that the buckling strain remains practically constant if
a normal strain distribution differing materially from linearity rather
than a linear normal strain distribution is assumed to exist at buckling
This is so since the most highly compressed stringer (¢ = 0) contributes
mainly to the bending and work terms and also since the other strain
energies are little affected by changes in the strain distribution.
Although the criticel strain 1s little affected by changes in strein distri-
bution, the value of the bending moment may vary considerebly. In order
to calculate the latter, 1t is thus necessary to know the strain profile
existing at buckling. Such knowledge was not available for the GALCIT
cylinders. It was found convenient to assume a linear strain distributiom
‘for the PIBAL cylinders as -well as for these. )

The axial wave length predicted by theory Ffor PIBAL cylinder 11 was
larger than the total length of the test specimen. It was found- experi-
mentally in references 4 to 8 that 1f the length of a cylinder is at least
twice its dismeter its buckling loed 1s independent of its length. This
1s not quite true for PIBAL cylinder 11 but the effect of the smaller length
should be wmimportant.

The four cylinders were so chosen as to cover the wildest possible
range 1In physical properties and to obtain critical stresses below or not
far in excess of the proportional limit. The latter requirement was set
up- In order to prevent the variation in the sffective modulus from
attaining major importance. As may be seen from table II the theoretical
buckling strains are greater then the corresponding experimental values as
they should be when the strain energy method is used. The deviation is
small; it amounts to 22.9 percent of the experimsntal value in the worst
case and to 8.3 percent in the best case.

CONCLUSIONS

The strain energy theory developed for the talculation of the eriticsl
load for the inward bulge type of general instability was found to glve
critical stresses 8.3 to 22.9 percent higher than the experimental values
obtained with four representative cylinders tested at GALCIT end PIBAL.
This agreement is considered satisfactory for most practical applications

e e e e e - ———— -




22 NACA TN No. 1505

but it 1s likely that better agreement could be obtained by means of more
comprehensive, or more suiteble, assumptions for the deflected shape at
buckling. The numerical calculations involved are too lengthy for use in
structural design. . c .

For this reason it 1s suggested that practical. calculations be carried
out with the aid of the procedures suggested in the paper entitled “Genersl
Instability of Monocoque Cylinders" by W. J. Hoff (Jour. Aero. Sci., vol. 10,
no. 4, April 1943, pp. 105-11%, 130) and in NACA TN No. 1499. [The sig-
nificance of the present investigation is twofold. First it permits the
calculation of velues of the parameter .n, mnseded. in the practical pro-
cedure suggested, in a region vwhere experimental date are not available and
too expensive to obtain. Moreover the satisfactory agreement between
results of the present theory and experiments indicates:that the general
instability phencmenon is essentially a linmear problem and can be calculebsd
by means of e linear theory. ~ . ‘

Polytechnic Institute of Brooklyn ) oo
Brooklyn, N. Y., March 3, 1947 : - . .
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APPENDIX

CALCULATTONS FOR GALCIT TEST CYLINDER, 6T

1

23

In this appendix details of the calculations performed In determining

the critical strain for GALCIT cylinder 6T are shown.

mechanical propertles for this cylinder are:

Iﬂ-, j-n. L] e L L ,
r, j-nl ° [ ) L L L]
S L] L ] L o o L] L ] .

t’ 1110 e & » & o

Astr,inna ¢ o ®
Ir,in. o e o o

Isuro’ inl ll. L) L

Is-u'to, in. e o
Eo, PSSl o o o o o

G’o,PSi--..._

The reported

cutset of the calculations . 1s teken as 33 x 10-%.

experimental critical strain is

The geomstric and

e s e s s o e 0 g e ok
O
I I
R o W -
e s o s 0 e o s 0.0324
« oo ., 219.39 x 10-T
e e o e o ¢ 374 x107
c e s v b e 563x10"‘6
10.5xlog

oc-ronc3o9x10

29.5.x 10-¥. At the

The value of

r® 18 calculated to be 1.692 inches on the basis of a linear strain
distribution. This.permits the setting up of t=ble A.




TABLE A

[or = 33 % 207 rb-1-6921n-:|

(1) (2) (3) (%) (5) (6) (7) (8) . (9) (10) | ()| (1)
4 ¢ e Iatr, Lot o/ (-2 x 10) Core/Oo | Aerr | Aepe(9/%x) | Baeo | Btan| Bred
0 |33.00 x 107%| 1.257 | 5.996 X 104 | ~=cccuummmns 1 0.3575 | 0.0gy | o.0kko7 | 10 | 6.65| 8.
1 .22 1, 6.082 25,32 x 107 1§.a& .35‘% 0 gggﬁ'{ 10.5| 9.50 9.3
2 -89 1,721 | 6.366 18.2% .55 . 35 +OhoGL . 10.5 | 10.5 [ 10.5
TABLE B
(-1
1 oca (2xe1 /1) oos (41 /i) oos (61 /%) oos (&ti/ll-j ace (1011 /%)
0 1 1 1 1 1
1 0 -1 0 1 )
mltipiiora c 4 e 2.666...0 1.666...0
for ¢p(0,d4,0) ) 2.3330 ¢ 8L TTT o540 «1.333 4« 2 Q40 TTTs 4 s®
1 sin(8xi /) sin(hxd /%) sin(6xi /L) sin(8x1/h) sin(10x1 /)
0 ] 0 o 0 0
1 1 0 -1 ] 1
mﬁpnm Q 0-56. 0.333.-.6 O.sﬁnn «C 0.333¢..0
for gy (o,d,e) -0.5833.. 4401k, . .0 -0,266. ..4+0.155. . .8
Multipliers o 24 3s 10.666...0 8.333...0
for -0,.'(c,d,e)/n -9:333.+.d+7.111...0 -£.666...d+3.888...e
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Colum (1) refers to the stringer station. Column (2) is the straln at
the locations of the stringers. Colum (3) is the effective width of
curved sheet calculated from the equatlion:

ew = (1f)(a/r) {o.st + 1.535 [(t/d) er - 0.36)r" "12/3} (1)

Columms (%) and (5) give the moments of inertia of the stringers plus
their effective width of curved sheet calculated from the equations:

;{h + (%/2) - [(aw)Q/ahxj}a

0.8[(2n)2/2kr] 2wt (a2)
(1/2wt) + (1/4) ¥ E Y/ IEJ (h2)

stry © Istrro

Totr, = Tatrg, + (1/12) (2w)3+ (A3)

Column (6) indicates the ratio of the actual strain in a panel when the
monocoque buckles to the buckling strain of a panel of sheet in compres-
sion calculated from Redshaw's formula:

ecrgh = (Gf.l./a) + ‘/(fo/2)2 + cha = 2.2 X lO'J'" (All.)

The values of colum (7) are read from figure 24 of reference 15. The
entries in colum (8) are gilven by Agtr + 2wt. Those in colummn (9) can
be computed from columms (2) and (8). If the strain in some members is
ebove the proportional limit it 1s necessary to use reduced moduli of
elasticity. In calculating the bending of the stringers the Von
reduced modulus was used; in calculating the work of the extermal
forces, the secant modulus was used. These values are based on the
curves of reference 23 and given in columms (12) and (10) of table A.

For the evaluation of the ¢ Ifunctions it 1is convenlent to set up
a tabular arrangement. For s = k4, 1t is given by teble B. By using
this table the polynominal &.(c,d,e) for 1 =0 1is found by multiplying

in each colum the expressions in the row below the first double line
by the nmumbers in the corresponding columms listed in the first row of

A i mem v m emem e —— e e = P e = —_—— —~——

- e s b A arm =



TABLE C

'[s = 1&]

®_.(c,d,0)

@t(c,d.,e)

—Qr'(o,d.,e)/n

5.
2.

33
66

3.
6.

e 0-20666: . -d.+3-555- s0 8
++C=3333.. -d.+l-777- -

0
1.333+¢+0=0.2666. ¢ +8-0.1TT x40

0
9.333. 3 -0-6.666‘ [ ] ndrl"O- %8- -

TABLE D

o = 4]
i Qi(o,d,e)
0 0.1454600 ¢ -0.1248640 4 -0.1165%6666...0
1 0.1454600 ¢ +0.084T7120 4 -0.116546666...0
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the table and adding the results of all the products. In a similar manner
the polynomial for &.(c,d,e) for i =1 is obtained as well as the two

expressions for each ®(c,d,e) and -0,'(c,d,e)/n. The results are pre-
sented in teble C. :

The function [-Qri(c,d,e) + °1‘1+1(°’d"°)] and the two others needed
to calewlate Q;(c,d,e) can be determined with the aid of table C by simply
subtracting or adding the polynomials in adjacent rows for each columm of
that table. In doing this it must be remembered that 81l the & functions

‘vanlsh when 1 = 2. The results are not shown here. When S =12, 8 =1L,
end n= (12/4) = 3 equation (15) glves:

o, = 0,05239% )
log|/n = 0.165905 ? (a5)
| (8&/T)n = 0.006854 )

The value of Q%t(xc s4,0) determined from eqation (16a) is recorded in

table D. The other & and Q functions are derived by replacing ¢ ,4,0 in

tables A to D by 1,a,b, and f,g,h, respectively. In the theory the ® and Q
functions appear squared. It is thus necessary to squers the polynomials

of tables C and D. The results are not included here. The M functions .
are taken from table IIT; in this Instance the cnes corresponding to n = 3

are needed.

The next step in the calculations is to assume a value of (m + 1),
the number of ring flelds involved in fallure. The value of (m + 1) was
teken as T and the summations appearing in equations (6) and (16) were
evaluated mmerically. (Teble I afforded a check for the former.) These
results as well as the coefficlents of the ¢ functions for the, stringer
bending (equations (9) and (11)) and the external work {equation (18)) are
tabulated in table IV. These numbers are then mmltiplied by the appropriate
one of the M, 2, and Q2 functions to yleld for each strain energy and
for each value of 1 a quadratic form in the eight paramstsrs congsisting
of 45 terms. These are to be found in table V. For the shedr strain energy .
a constant value of Gepp/Gp of 0.3575 is taken so that the quadratic expres-
sions for 1 = 0 and 1 = 1 can be combined into one quadratic expression
glven in +table V.

For purposes of calculation it is convenient !'l:o multiply each of equa-

tions (7), (9), (11), (16), and (18) by - 10 , vhere E

(1/2)a% (x2/L)Egqq,

secy is
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the secant modulus of the most highly compressed stringer, and solve for

In order to calculate p; and pp 1n

equation (20), each row in table V mmst be multiplied by its appropriate
factor. These are glven as follows with numerical valuss calculated from

L

€cr X 10" instead of €.

NACA TN No. 1505

data previously presented:

Straln onergy Multiplying factors
In(m+ 1) E. L
Rin 107 = 20.
& nr3 Esecq T % 23
Stringer,
. radial
1=0 [ 2/11(::1 + 1)ﬁ <Ered o X 10% = 0.06227
sec
Ered
i=1 [2 2 %l 1 4 = 0.
2ln /Ll(m + 1) Eseco Istrrl X 10 0.15282
Stringer
tangertial [2/L2(m + 1)3 Fredy L% 10% = 0.07069
i=1 SBCO
Shear G
1-0emii=1 [:htr/:rs(m+1):|( >(°ff)xlo)"'=103-55
seco GO
oo 5 + o8 Od) S°°> 0.0k49T
841 Eseco
1=1 (5 + cos 3°°> = 0.08520
5+ 1 Egoc




e e e . e = — . .

TABLE E

Matrix! for sorxloh-35

a b c a e £, 8 h -REB
692.2046826 | -h6h.4565336 | =88.741615% ho7.9358394 | -332.9898063 | -483.87733%3 | lLo9.2661605 -273.4394078 | -818.598TT5k
343.7051960 | 365.941k0e7 | -332.9698263 | 246.3400098 | 316.4808330 | -273.4394178 | -202.2678766 | sho.oo80nAL
566.3080636 ~B75.96T24 1Y 305.02294 74 ho1.3603230 | -k1e. 7307500 262,437h082 700, 4413008
hok.3509833 | -267.3909489 | -k12.7507501 | 351.6459548 -23L.4902753 | -588.7h161ST
198.3617120 262.437h082 | -231.4902753 172.056358% 38.9k ko2t
hhkh.5869972 | -372.6800h02 2354258705 5T5.5ThObLT
319.5626629 -209.1580705 | -483.8773352
156.1653638 | 316.4808330
9745640600
Valuss of the unknowns
0.620032608 -0.899355651 | -0.018836025 2.015640161 3.011252608 0.571555092 | -0.h570L413L ~L.5kT908125

lIholaI:;rpaItorthomehaaboenaﬂttodbemeufsmw.
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cr
going factors by the entries in <table V term-by-term and adding. A

firgst guess for ¢ o b4 101" equal to 35 1s made. The c\orresponding

eight equations are contained in table E. They were solved by Crout's
mothod (reference 24). The resulting values of the eight parameters
were substituted into equation (20) to yleld €. = 691/1’5 = 36.79 x 10k,

On using 3%.5 as a second guess for €gp X 107, a valus of 34.67
was obtained which was considered close enough 'bo the new guess to termi-
nate thls procedure.

The expression €., = (p]/pg is obtained by mltiplying the fore-

A grephic method may be used to determine accurately the critical
strain after several steps in the approximate solution of the buckling
equatlons have been underteken. At buckling the value of-the determinant
formed by the coeffliclents of the eilght equations with the right-hand-slde
olements transferred to the left-hand side mmst vanish. If a plot of the
value of the determinants agalnst the strains assumed at each stage 1s
made, then the critical strain will correspond to the zero value of the
detorminent of this curve "(extrapolated if necessary). Also the value of
the determinant will be positive or negative, the sign depending on
whether the assumed strain is below or above the crlitical strain, Justi-
Tication for these statements may, be found in reference 25. In this case
such a procedure ylelded ¢, X 10% = 34.4 (see table II).

Instead of*repeating the calculations for new values of (m + 1) s 1t
was found more suiteble to adopt the following scheme in minimizing the
buckling strain in the axlal direction. It can be shown that if
®(1,a,b)/o(c,d,e) and &(1,a,b)/8(f,g,h) are independent of @, +then the
ring, stringer, and shear energles divided by the ex-berna.l work becoms

nearly proportional to (m + 1)2, 1/(m + l) and (m + 1) (l cos + T)

respectively. Since this requirement is approximately fulfilled, i'b is
believed that the critical strain found by proportioning the three strain
energles according to the foregoing factors will be close to the critical
strain derived in the rigorous manner. This procedure is permissible
provided that the critical value of (m + 1) calculated in this manner is
near the value for which the calculations were carried out rigorously,

T in this instance. This method entails the assumption that the number
of ring fields involved in failure is not an Integral nuwber. The trans-
formation from (m + 1) = 7 to (m + 1) = T.63, the approximate critical
value obtained, is Iindlcated as follows:.
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Strain

Energy m+1)="7 (m+ 1) = T.63

Ring 207. 754 27,020

Stringer, radial

1=0 216.256 182,018

1=1 67.735 5T7.011

Stringer, tangential

i=1 10.003 8.419

Shear

i=0endi=1 216.226 218.734

Z =Py . TLT.9Th , 7134202 -

€or X 107 = 3’-,-067 Ecr X 10 = 3)"'.1”"'

Do 20,709 20,709

Since the value €. X 10% = 34.4 instead of 34.67 corresponds to crit-
icel strain for (m + 13‘ = T, the correct critical strain for (m + 1) = T.63
may be found by the following equation:

6,p X 10% = (3h.M4/34.67) (3hal) = 3he7 (a6)

As seen from teble II, assuming s = 2 or s =6 ((m+ 1) = 7 in each case)
gives values of the critﬁcal strein higher then the foregolng one obtalned.
Consequently 34.17 X 10~ may be taken as the crificel strain.

e e e e o
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(o)™ 1 2 b 5 6 7 8 9 10
-1 0 0 0 0 0 0 v 0 0 0
- (1/2) (m+l) b 1 b [ 1 1 i 1 1 1
3 (3/8) ()| £1f32 a/128 h3/me Te9/2048 e87/ge 6561/32768 19683/131072 505/ 5ek268
T (10/32) (ms1)| 24M/128 Shh /512 e110/2048 8380/8192 33024/32768 13158%/131072 ?95312/5&588'
5 (33/12B)(m1}|  6e5/302 2250/2048 Bues/tge 293T5/92768 106250/131072 3%a75/30k208
6 (126/me) (ml) [ 2278/2048 10380/6192 39330/32768 W/mm 5€3336/324268
7 (h62/20h8) (m1)| 12005/8192 ho33/32768 1£9099/131072 630665/52k268
: (L76/092) (1) | SAMGB/3EGE | 1hah/isiore | Thomk/sehaSt
2 (6#35/3’%)(@4) 28761/131072 E31900/52ke88
10 (24310/131072) (m+l)| 923790/52ke88
1 1 Y 1 2 L ‘ (92378/524288) (1)
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Strein 'aaed.lstn.in maleu.gn of| Megnitude of st;;u, from Ner  [mapors-| EOY" e
at outaet‘ :nmsﬂgg foter- | - dotorinant = g::,h, crtttont) o Expord m:::l (c:r‘ u-uﬂ (200}
Cylindar|e |(m + 1) (m+1) {m + 1) *Faxp
PIRAL ghx ot | 4 2.309 x 10°2|36:86 x 107 |
oylingsr|6| 7 |2 x107* |5 + 1.08% x 1012]30.75
n 5.6 + 0.438 x 20%0{ 27,4 26.1x 07| 9.55 |20.59 x 10| 6 |20.86 x 20-¥ 8.3
PIBAL 19 - k.985 x 1012(20.98
oylinder{6| 7 |17.5 18.7 - 1.543 x 1012(18.79 18.6 T.95 |18.13 T |16 13.3
sh 18 + 8:812 x 107 |22.48
GALCTT 16.0 * 12.943 x 1012|18.04 17.8 7.26 |17.2 8 |1 22.9
oylindar|d| 7 |15 16.k + 8.316 x 10%2|18.32
30 16.7 + 5445 x 1012 18,74 4
GAICT? |2 35 + femmennnaa. wnmn| 98.6
oylindex(h| 7 |35 35 - 2,17 x 1012(36.79
67 |k 34.5 . 5.749 x 1012|3467 3hb N 05 T LS f A ps— 29.3 15.8
6 4o - |-170.65 x i02|60.86 -

Ge



TABLE TIT - M x 107%
a2,a2 & | ab,de,eh 12,6212 | a,04,f 2 2 g2
247, U2, 1% 204,18 b,ce,fh 17,05,
n ad,ag,dg 1/2593 + dh)| be,bh,eh 1/2(¢g + af)|1/2(eh + of )| o,f,of
1/2(ee + 'bd.g 1/2(ac + 4) |1/2(be + o)
1/2(ah + bg 1/2(ef + 8) |1/2(bf + h)
2 1.9629 -2.6628 0.9849 -4.6476 3.152L 2.7729:
2.5 3.8714 -5.2521 1.944365- -9.16362 6.216645 5.467005
2.666...| 4.7083643 | -6.39755378 | 2.36517478 | -11.14384979 | 7.56048132 | 6.6483359
3 6.725340TH1{ -9.123990123 | 3.379410699| -15.916029629|10.799091357| 9.495229630
3.333..0] 9.24650181 | -12.5W4460Th | L.64T2851T | -21.88093464 |14.84723739 |13.0536U4357
4 16.02545 -21,74153333 | B.09667222 | -37.919000 |25.73191666 |22.62125
) 31.3757200 |-42.56T46B66 |15.7TT564h | ~7h.23455999 [50.37909333 |44.285440
6 54.28867036 |-T73.65386173 |27.30298313 |-128.44081481 |87.16917901 |76.62231482 |.
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TABLE IV
COEFFICIENTS OF M, 02, AND Q2 FUNCTIONS FOR
STRATN ENERGY AND EXTERNAL WORK

{(m+ 1) = 7]

Ring > sin*(x3/7) 2.625

strain energy | = ainl@(x3/7) 1579101562
> ainmgra/?) 1.226258722 |
2 > sin”(13/7) 3.8281249952
2> sin 2(x3/7) 3,158203122
2 3 s1nt6(x3/7) 2. 742496 T

Stringsr Cosfficient of @2(1,a,b) 2

strein energy| Coeffiolent of &%(c,d,s) 6.850625
Coefficient of 02(f,s,h) 14.1830443
Coefficient of {,i 8, 'b§ go .4, e; 3.75
Coefficlent of a,b) ¢ f,g_,h - 3.28125
Coefficient of ®(c,d,e) ¥(f,g,h) 17.8857421.8

Shear

strain energy | = | a1n2(n3/7) - sinn() + 1)/7/2 0.658892846
> EsinG(zJ/'() - enr() + 1)/ 0.892954708
5= [e1ni2(n3/7) - stml®a(y + 1)/7) 0.967843396
2 > [atn®(x3/7) - stnPr(y + 1)/7]%1115(::.1/7) - s1ax(y + 1)/1] 1.235424088
2 > [sina(x:)/'r) - sin®x(3 + 1)/7) [s1020(x3/7) - s1nl0x(y + 1)/ 1.0B0996077
2 3 [s108(x3/7) - atnbx(y + 1)/7] [52010(x3/7) - e100x(J + 1)/ 1.816155626

Extarnal Coefficlent of w,(l, a,b) + (1/n)22(1,a,1) 0.5

work Coefficient of dbr(o,d_,e) + (l/n)abt(c,d.,e) 0.73628125
Cosffictent of 05(f,a,h) + (1/n)%(f,e,h) 0.927352905
Coafficient of @7(1 a,b) ¢ (o,d.,e) + (l/n) °t(l a,b) ® (c,d. o) 09375
Coefficlent of @,(1,a,b) (f,g,h) + (1/n) wt(l a,b) $4{f,g,h) 0.8203125
Oceffioient of &,(c,d,e) @ (f,g,h) + {1/n) di.b(c d,e) ®4(£,g,h) 1.5710kk921
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TAHLE -V

QUADBATIC FORM IN a,b,o0,d,e,f,8, AD h
EB-],E;E-II-; (‘ll.-l-l) u'{]

8train ensrgy Oonatant aa 'b2 02 a2 o? 1’2
Ring 24 SAITTTTY 11-65&019%5 8.670953085 | 1%.9939319%4 6:9996069 5.336432713 | 11.
Btringer, radial { 56. 886850800 £02pR0D0D £5. 2839506 196 87.11111131), h03- gg
’ 14.200000000 | 20, P322P0000 6.320908766 Eas 21, 'n'rrm'ra

Btringsy, “tangsntial 3558555556 | 0.140000000 .06320088 12,25 Q. EITTTE 25 msomlz
Shear , 0278825154  .0150011066 0178996484 «03TTBT1363T 0203300261 17 OLoGSES
Work 1h.220202002 | 3.595%555536 6320907 a . 94333333333 | 26.37803018

3.63432099 5.559506175 1,582008745 5.395833337 3-203959337 2.3359259 5-7’77630372

& ne ab 2ao ad . Bas
Ring ‘| 8.19es32482 | k.116658618 |.23.9504ThOT3 | -6Q. B8 |25, 991 |-34.9277Th6k: | -50.26603446T
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Shear -0R203%02T: .0P62926766 .0061666852 |  -.0L4h310132 0281270749 .0115625366) ..0126271366
Work + 6,594 572556 -9.h804848L | ~26.66666666 6.666666667 |=L7.TTITTTTTO 3333333
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ag gah Mo b be bt obg
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Btrl "mmu e '33'3:.11:_1.1:.1:.11 32'%7777778 0,355 ’%i?%?%?é’; oy A Eng -32'31.1.1:.1_1.11111 18 &0333037—53
nmr 1 -l 13 . =X d . .

Shear miguso: »01011 72196 -.083TmoTER % .03396L -.0T33039792 . 0101172166 +0293666108
Work 5.833333333 |15.555555556 332000 -17-777777773 11.85185:85) | 31,1011 | -153.3530 10.37037037
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r CIRCUMFERENTIAL
WAVE ANGLE

2n/n

/ l_\-;__
, : . j=3 j=4 T -
j=0 j=1 j=2 LA j=5 j=6
T X AXIAL WAVE LENGTH L

| pad

SECTION A-A

STRINGERS NOT SHOWN
OUTSIDE OF BULGE

FIGURE |.- THEORETICAL DEFLECTED SHAPE.
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NACA TN No. 1505 I
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(a) BOTTOM STRINGER. -9 = 0.

(b) RING AT x=3, NACA

FIGURE 2.~ TYPICAL DEFLECTION PATTERNS. GALCIT
CYLINDER 67. S=12, s=4,(m+|)=T.




ORIGINAL PANEL

RINGER i
W

FIGURE 3.- DEFORMATION OF CORNERS OF A PANEL SHOWING
NOTATION USED IN CALCULATING SHEAR STRAIN,.
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FIGURE 4 .- MONOCOQUE CYLINDERS,




